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1. INTRODUCTION
The purpose of this paper is to establish the existence of positive and
nonnegative solutions to semilinear operator equations deﬁned on cones in
Banach spaces. We consider equations of the form
Lx = Nx
where L domL ⊂ X → Y is a Fredholm operator of index zero and
N is (in general) a nonlinear operator acting on the Banach spaces X
and Y . Results concerning the existence of nonnegative solutions (or
solutions in a closed convex set) to such equations have been established
by Gaines and Santanilla [5] , Santanilla [15], Nieto [11], and Mawhin
and Rybakowski [10] using coincidence degree arguments. In [16], Webb
obtained existence results on cones and wedges using A-proper degree
theory, which allowed weaker hypotheses on L and N than those required
by the coincidence degree theory. In the papers cited above, the degree
theory used had to be modiﬁed to apply to closed convex sets, usually
by involving retraction arguments. Using a procedure similar to that of
Fitzpatrick and Petryshyn [4], the author introduced a ﬁxed-point index
for A-proper maps deﬁned on cones in [1], which is readily applicable
to semilinear equations. Using this ﬁxed-point index and the concept of
a quasi-normal cone introduced in [13], we obtain results for semilinear
equations which extend many of the ﬁxed-point theorems for Pγ-compact
maps in [8]. In particular, our Theorem 4 extends to semilinear equations
a positive ﬁxed-point theorem for Pγ-compact maps by Lafferriere and
Petryshyn [8], which in turn contains corresponding results in [3, 6] for
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compact maps. We also obtain two existence theorems of cone compression
or expansion type which generalize to semilinear equations the results of
[3, 7]. To conclude, we apply Theorem 4 to the Picard boundary value
problem,
− x′′t = f t xt x′t x′′t where x0 = x1 = 0 (1)
and obtain a positive solution in the cone
K = 	x ∈ X = C20 1  −x′′t ≥ 0 x0 = x1 = 0
2. PRELIMINARIES
Let X and Y be Banach spaces, D a linear subspace of X 	Xn ⊂
D and 	Yn ⊂ Y sequences of oriented ﬁnite-dimensional subspaces such
that Qny → y in Y for every y and distxXn → 0 for every x ∈ D,
where Qn Y → Yn and Pn X → Xn are sequences of continuous linear
projections. The projection scheme  = 	XnYn PnQn is then said to be
admissible for maps from D ⊂ X to Y .
Deﬁnition 1. A map T  D ⊂ X → Y is called approximation-proper
(abbreviated A-proper) at a point y ∈ Y with respect to  if Tn ≡
PnT D∩Xn is continuous for each n ∈  and whenever 	xnj  xnj ∈ D ∩Xnj
is bounded with Tnjxnj → y, then there exists a subsequence 	xnjk  such
that xnjk → x ∈ D and Tx = y. T is simply called A-proper if it is
A-proper at all points of Y . A map H 0 1 ×  ⊂ X → Y is called
an A-proper homotopy at y relative to a projection scheme  if QnH is
continuous and if 	xn is a bounded sequence in , and 	tn ⊂ 0 1 are
such that QnHtn xn → y for some y ∈ Y ; then there exist subsequences
xnj → x ∈  and tnj → t ∈ 0 1 such that Ht x = y. H is said to be an
A-proper homotopy if it is A-proper at all points y.
Deﬁnition 2. A closed linear operator L domL ⊂ X → Y is called
Fredholm if dimker L < ∞ and codimimL < ∞. The index of L is
deﬁned as dimker L − codimimL. We denote the subclass of Fredholm
operators from X to Y with index zero as 0XY .
Remark 1. If L ∈ 0XY  then X and Y may be expressed as
direct sums; X = X0 ⊕ X1 Y = Y0 ⊕ Y1 with continuous linear pro-
jections P X → ker L = X0 and Q Y → Y0. The restriction of L to
domL ∩ X1, denoted L1, is a bijection onto imL = Y1 with continu-
ous inverse L−11  Y1 → domL ∩ X1. Since X0 and Y0 have the same
ﬁnite dimension, there exists a continuous bijection J Y0 → X0. If we
let H = L + J−1P , then H domL ⊂ X → Y is a linear bijection with
bounded inverse.
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For L ∈ 0XY , Petryshyn [12] has shown that an admissible scheme
L can be constructed such that L is A-proper with respect to L. Let
Yn ⊂ Y be a sequence of ﬁnite-dimensional subspaces and Qn Y → Yn a
sequence of projections such that Qny → y as n → ∞ for each y ∈ Y . If
we let Xn = H−1Yn then L = 	XnYnQn is an admissible scheme for
maps L domL ⊂ X → Y and L is A-proper with respect to L. We deﬁne
a cone K in a Banach space X as a closed convex subset of X such that
λK ⊂ K for all λ ≥ 0 and K ∩ 	−K = 0. The set K = 	xt ∈ C0 1 
xt ≥ 0 is a common example in applications. x ≤ y iff y − x ∈ K deﬁnes
a partial ordering on K. For 0 ≤ x ≤ y, the norm on X is called monotone
if x ≤ y and semimonotone if x ≤ γy for γ > 0. A cone is said
to be normal if  ·  on X is semimonotone with respect to K ⊂ X. This
is equivalent to x + y ≥ γy for all x y ∈ K and for some γ ∈ 0 1;
cf. Lafferriere and Petryshyn [8]. We deﬁne
lL ≡ sup	r ∈ +  rβ ≤ βL for each bounded  ⊂ domL
where β is the ball measure of noncompactness; cf. [14].
The following theorem lists the properties of the ﬁxed-point index for
A-proper semilinear operators deﬁned in [1] (q.v. for proof).
Theorem 1. Let K1 = HK ∩ domL where H = L + J−1P and L ∈
0XY . Let  ⊂ X be open and bounded and deﬁne  ∩ K = K and
∂K = ∂∩K. Let ρ1 be a retraction from Y to K1 and assume that QnK1 ⊂
K1 P + JQN + L−11 I −QN maps K to K, and Lx = Nx on ∂K . Then
indKLN has the following properties:
P1. If indKLN = 	0, then there exists x ∈ K such that Lx =
Nx.
P2. If x0 ∈ K , then indKL−J−1P + yˆ0 = 	1, where y0 =
Hx0 and yˆ0y = y0 for every y ∈ HK .
P3. If Lx = Nx for x ∈ K \ 1 ∪2, where 1 and 2 are disjoint
relatively open subsets of K , then
indKLN ⊆ indKLN1 + indKLN2
with equality if either of the indices on the right is a singleton.
P4. If L−Nλ x is an A-proper homotopy on K for λ ∈ 0 1 and
Nλ x + J−1PH−1 K1 → K1 and 0 ∈ L − Nλ x domL ∩ ∂K
for λ ∈ 0 1, then indKLNλ x = indK1TλU is independent of
λ ∈ 0 1, where Tλ = Nλ x + J−1PH−1.
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3. EXISTENCE THEOREMS ON QUASINORMAL CONES
The results of this section are established using the notion of a quasi-
normal cone introduced by Petryshyn [13]. In particular, this includes all
normal cones.
Deﬁnition 3. A cone K is called quasi-normal if there exists y ∈ K \
	0 and a constant σ > 0 such that x + y ≥ σx for all x ∈ K . Let
σy = inf	x + y/x  x ∈ K \ 	0. Then we deﬁne the constant of
quasinormality σK = sup	σy  y ∈ K \ 	0.
Remark 2. Note that if K is normal then K is quasi-normal with σ =
γ−1 ∈ 0 1 and any y ∈ K \ 	0. If X is a Hilbert space, then every cone
K ⊂ X is quasi-normal with σ = 1 as shown in [9]. Also, from this paper,
if K is a cone in a Banach space X and y ∈ K \ 	0, then there exists
σy ∈ 0 1 such that x+ y ≥ σyx for all x ∈ K; this implies that
every cone in a Banach space is quasi-normal. It was proved in [2] that
1
2 ≤ σK ≤ 1.
Some examples of quasi-normal cones which aren’t normal are the set
of nonnegative functions in CkQ k ≥ 1; the Ho¨lder space CαQ for
α ∈ 0 1; and the Sobolev space W kp Q for p ∈ 1∞. As noted in [13],
these cones have σ = 1 with yx ≡ 1 x ∈ Q, and Q a bounded set in n.
Many of the subsequent theorems and lemmas extend those of
Lafferriere and Petryshyn [8] which pertain to Pγ compact maps.
To prove our principal existence results, Theorems 4–6, we shall require
several lemmas and theorems which provide conditions for the index to be
	0 or 	1.
Let L domL ⊂ X → Y be a Fredholm operator of index zero and
N X → Y be a bounded nonlinear operator such that L−N is A-proper
relative to L.
Deﬁnition 4. If S = 	x ∈ K  Lx = Nx is bounded, we deﬁne
indKLNK = indKLN Br0 ∩ K, where r > M and M is any
bound for the set S.
Remark 3. Since all solutions to Lx = Nx are contained in BM0, the
indKLN Br0 ∩K is constant for all r > M by the additivity property,
and hence the deﬁnition is independent of r > M . It is also clear that
Lx = Nx on ∂Br0 ∩K so that the index is well deﬁned.
Theorem 2. Suppose that L − λN is A-proper for λ ∈ 0 1, where
L domL ⊂ X → Y is a Fredholm operator of index zero and N X → Y
is bounded and nonlinear. If L−11 I −QN and P + JQN map K to K and
if the set S = 	x ∈ K  Lx = λNx − 1 − λJ−1Px λ ∈ 0 1 is bounded,
then indKLNK = 	1.
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Proof. Let r be a bound for S Consider the homotopy L− λN + 1−
λJ−1P = L−Nλ x on Br+30 3 > 0 Now Lx = λNx− 1− λJ−1Px
on ∂Br+30 so
indKLN1 x Br+30 = indKLN0 x Br+30
= indKL−J−1P Br+30 = 	1
Since 3 is arbitrary, we have indKLNK = 	1. Q.E.D.
Theorem 3. If L domL ⊂ X → Y is Fredholm of index zero, K ⊂ X is
a cone, and  ⊂ X is an open bounded set such that K ∩ domL = , then
indKL−J−1P =
{ 	1 if 0 ∈ K
	0 if 0 ∈ K
Proof. From the results of Section 2, L + J−1P = H is a linear bijec-
tion that maps domL ∩ K ⊂ X → K1 ⊂ Y and L + J−1P is A-proper
since it is the sum of a linear Fredholm operator and a compact map. We
note that kerL + J−1P = 0 so that Lx + J−1Px = 0 for x ∈ ∂K . Thus
indKL−J−1P is well deﬁned.
Now for 0 ∈ K , we have indKL−J−1P = indK10ˆH = 	1
by P2 (the normalisation property) of the index with x0 = 0 and yˆ0 = 0ˆ;
i.e., the mapping 0ˆx = 0 for every x ∈ K .
If 0 ∈ K and indKL−J−1P = 	0, then P1 (the existence
property) of the index implies that there exists x ∈ K such that
L+ J−1Px = 0 and x = 0. This contradicts kerL+ J−1P = 0, therefore
indKL−J−1P = 	0. Q.E.D.
Lemma 1. Let 0 ∈  ⊂ X, with  open and bounded such that K ∩
domL = , and let L− λN be A-proper for 1 ≤ λ ≤ µ0, where µ0σ > 1 and
σ is the constant of quasi-normality of K. Assume L−11 I −QN + P + JQN
maps K to K and that the following conditions hold:
(a) δ = inf	L−11 I − QNx + Px + JQNx  x ∈ ∂K > d/µ0σ
where d = sup	x  x ∈ ∂K,
(b) Lx = µNx− 1− µJ−1Px for x ∈ ∂K and 1 ≤ µ ≤ µ0σ .
Then indKLN = 	0.
Proof. Suppose Lx = µNx− 1− µJ−1Px for some x ∈ ∂K and 1 ≤
µ ≤ µ0 then we obtain x0 = µP + JQNx and x1 = µL−11 I −QNx and
d ≥ x = x0 + x1
= µL−11 I −QNx+ P + JQNx
≥ µδ > µd/µ0σ
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so µ < µ0σ This and (b) imply Lx = µNx − 1 − µJ−1Px for x ∈ ∂K
and 1 ≤ µ ≤ µ0. For µ0 > 1/σ , deﬁne the homotopy L−Nµ x = Lx−
µNx+ 1− µJ−1Px, which is A-proper for 1 ≤ µ ≤ µ0 and Lx = µNx−
1− µJ−1Px for x ∈ ∂K and µ ≥ 1 Thus, by the homotopy property of
the index, indKLNµ x is well deﬁned and independent of µ ≥ 1.
To prove indKLN = 	0, we choose 3 ∈ 0 σ such that δ >
d/µ0σ − 3. Then by the deﬁnition of σ , there exists y ∈ K \ 	0 such
that σy > σ − 3 and x+ y ≥ σyx > σ − 3x for every x ∈ K \ 	0.













∥∥∥∥ = σyx > σ − 3x
so that x + py > σ − 3x. We now consider the homotopy
Hµ0λ x 0 1 × K → Y deﬁned by Hµ0λ x = Lx − µ0Nx + 1 −
µ0J−1Px − λmy1, where y1 = Ly (y as determined above) and any ﬁxed
m ∈ . We observe that Hµ0λ x is A-proper and Hµ0λ x = 0 for
x ∈ ∂K λ ∈ 0 1. If this were not true, then we would have Lx =
µ0Nx − 1 − µ0J−1Px + λmy1 for some x ∈ ∂K and λ ∈ 0 1 (λ = 0
is excluded by the previous argument). Hence x0 = µ0P + JQNx and
x1 = µ0L−11 I −QNx+ λmy1 so that
d ≥ x = x0 + x1
= µ0P + JQNx+ µ0L−11 I −QNx+ λmL−11 y1
≥ µ0σ − 3P + JQNx+ L−11 I −QNx






a contradiction. Hence Lx = µ0Nx − 1 − µ0J−1Px + λmy1 on ∂K and
λ ∈ 0 1. By the homotopy property of the index,
indKLNµ00 x = indKLNµ01 x
where Nµ0λ x = µ0Nx − 1 − µ0J−1Px + λmy1. Now if indKL,
Nµ0λ x = 	0, then there exists xm ∈ ∂K such that
Lxm = µ0Nxm − 1− µ0J−1Pxm + λmy1











Allowing m → ∞ and using the boundedness of N and the compactness
of J−1P , we have Lxm/m → λy1 = 0. This contradicts the facts that
xm/m→ 0 and L is a closed linear operator. Thus we have shown that
indKLNµ0λ x = indKLNµ x
= indKLN = 	0
Q.E.D.
Lemma 2. Let 0 ∈  ⊂ X, with  open and bounded such that K ∩
domL = , and let L− λN be A-proper for λ ∈ 0 1. Assume N is bounded
and L−11 I −QN + P + JQN maps K to K. If Lx = µNx− 1− µJ−1Px
on ∂K for µ ∈ 0 1, then indKLN = 	1.
Proof. We consider the homotopy L − Nµ x = L − µN + 1 −
µJ−1P on K for µ ∈ 0 1. Since Lx = Nµ x on ∂K µ ∈ 0 1, we
have
indKLN1 x = indKLN0 x
= indKL−J−1P = 	1
by Theorem 3. Q.E.D.
We now prove our main results. The next theorem gives conditions for
the existence of a positive solution to a semilinear equation.
Theorem 4. Let 0 ∈ 1 ⊂ 2 ⊂ K where 1 and 2 are open and
bounded. Let L − λN be A-proper for 0 ≤ λ ≤ µ0, where µ0σ > 1 N is
bounded, and L−11 I −QN + P + JQN map K to K Assume that the fol-
lowing conditions hold:
(a) δ = inf	L−11 I − QNx + P + JQNx  x ∈ ∂2 > d/µ0σ
where d = sup	x  x ∈ ∂2.
(b) Lx = µNx− 1− µJ−1Px for x ∈ ∂2 and 1 ≤ µ ≤ µ0σ .
(c) Lx = µNx− 1− µJ−1Px for x ∈ ∂1 and µ ∈ 0 1.
Then there exists x ∈ 2 \1 such that Lx = Nx.
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Proof. We assume Lx = Nx on ∂1 ∪ ∂2; otherwise the conclusion
follows. From (c), we have indKLN1 = 	1. From Lemma 1, Con-
ditions (a) and (b) imply indKLN2 = 	0. By the additivity property
of the index, we obtain
indKLN2 \1 = indKLN2 − indKLN1
= 	0 − 	1 = 	−1
Since the index is nonzero, the existence property (P1) of the index implies
that there exists x ∈ 2 \1 such that Lx = Nx. Q.E.D.
Remark 4. The conclusion of Theorem 4 is valid if Conditions (a) and
(b) hold on ∂1 and (c) holds on ∂2.
The following lemma will be used in establishing results of cone
compression or expansion type.
Lemma 3. Let 0 ∈  ⊂ X  open and bounded such that K ∩ domL =
, and let L − λN be A-proper for 1 ≤ λ ≤ µ0, where µ0σ > 1 and N
is bounded. Suppose that L−11 I − QNx + P + JQNx ≥ x and
Lx = Nx on ∂K . Assume L−11 I − QN + P + JQN maps K to K. Then
indKLN = 	0.
Proof. We note that if Lx = µNx− 1− µJ−1Px for some x ∈ ∂K
µ > 0 then x0 = µP + JQNx x1 = µL−11 I −QNx, and
x = x0 + x1
= µL−11 I −QNx+ P + JQNx
≥ µx
by hypothesis. Therefore Lx = µNx − 1 − µJ−1Px for x ∈ ∂K and
µ ≥ 1. Now, as in the proof to Lemma 1, choose 3 ∈ 0 σ such that
δ > d/µ0σ − 3 and y ∈ K \ 	0 such that σy > σ − 3, and con-
sider the homotopy Hµ0λ x 0 1 × K → Y deﬁned by Hµ0λ x =
Lx − µ0Nx + 1 − µ0J−1Px − λmy1, where y1 = Ly and m ∈  is
arbitrary. Then following verbatim the proof to Lemma 1, we obtain
indKLNµ0λ x = 	0. Finally, since Lx = µNx − 1 − µJ−1Px
on ∂K µ ≥ 1, we have
indKLNµ x = indKLN = 	0
where Nµ x = µNx − 1 − µJ−1Px and L − N corresponds to
µ = 1. Q.E.D.
The last two theorems of this section provide conditions for the existence
of positive solutions.
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Theorem 5. Let 0 ∈ 1 ⊂ 2 ⊂ K 1 and 2 be open and bounded,
and L− λN be A-proper for 0 ≤ λ ≤ µ0, where µ0σ > 1 and N is bounded.
Suppose that L−11 I −QN + P + JQN maps K to K and that the following
conditions hold:
(a) L−11 I −QNx+ P + JQNx ≥ x for x ∈ ∂1,
(b) Lx = µNx− 1− µJ−1Px for x ∈ ∂2 and µ ∈ 0 1.
Then there exists x ∈ 2 \1 such that Lx = Nx.
Proof. We assume Lx = Nx on ∂2, otherwise we are done. From (b)
and Lemma 2 we have indKLN2 = 	1. From (a) and Lemma 3 we
have indKLN1 = 	0. By the additivity property of the index, we
obtain
indKLN2 \1 = indKLN2 − indKLN1
= 	1 − 	0 = 	1
Since the index is nonzero, there exists x ∈ 2 \ 1 such that
Lx = Nx. Q.E.D.
Remark 5. The conclusion of Theorem 5 is valid if (a) holds on ∂2
and (b) holds on ∂1.
We end this section with a theorem related to the norm-type compression
of a cone.
Theorem 6. Let L − λN be A-proper for 0 ≤ λ ≤ µ0, where µ0σ > 1,
and suppose that L−11 I −QN + P + JQN maps K to K Assume that the
following conditions hold:
(a) L−11 I −QNx+ P + JQNx ≥ x on ∂KBr0,
(b) there exists R > r such that L−11 I −QNx+ P + JQNx < x
on ∂KBR0.
Then there exists x ∈ BR0 \ Br0 ∩K such that Lx = Nx.
Proof. Applying Theorem 5, let 1 = Br0 ∩K and 2 = BR0 ∩K,
then (a) of Theorem 6 implies (a) of Theorem 5 on ∂KBr0, while (b)
of Theorem 6 implies (b) of Theorem 5 on ∂KBR0. Otherwise, if Lx =
µNx−1−µJ−1Px on ∂KBR for µ ∈ 0 1, then x0 = µP + JQNx x1 =
µL−11 I −QNx, and
x = x0 + x1
= µP + JQNx+ L−11 I −QNx
≤ P + JQNx+ L−11 I −QNx
which contradicts Condition (b) of the theorem. Q.E.D.
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4. A POSITIVE SOLUTION TO THE PICARD PROBLEM
We shall formulate the Picard boundary value problem, (1), as a
semilinear equation in Banach spaces and place certain conditions on the
nonlinearity f t x x′ x′′ so that Theorem 4 applies.
Let X = C20 1 Y = C0 1, and K = 	x ∈ X  −x′′t ≥ 0 x0 =
x1 = 0, with norms xX = max	xY  x′Y  x′′Y and xY =
maxt∈01	xt Deﬁne L domL ⊂ X → Y by Lx = −x′′t, where
domL = 	x ∈ X  x0 = x1 = 0 and Nx = f t xt x′t x′′t.
Theorem 7. Under the above assumptions, suppose also that:
(a) there exists R > 0 k ∈ 0 lL/µ0, such that f  0 1 × 0 R ×
−RR × − → + is continuous and f t p q s1 − f t p q s2 ≤
ks1 − s2 for t ∈ 0 1 p ∈ 0 R q ∈ −RR s1 s2 ∈ −.
(b) f t p q s ≥ R for every t ∈ 0 1 p ∈ 0 R q ∈ −RR,
s ∈ −.
(c) There exists r ∈ 0 R t0 ∈ 0 1 such that f t0 p q s < r for
p ∈ 0 r q ∈ −r r s = −r.
Then there exists a positive solution x ∈ K to Eq. (1) with r ≤ xX ≤ R
Proof. First, we note that L, as so deﬁned, is Fredholm of index zero
and that Condition (a) above implies that N is k-ball contractive (see [12])
so that L−λN is A-proper for 0 ≤ λ ≤ µ0. Now we verify the hypotheses of
Theorem 4. Let x ∈ K ∩ domL with xX = R. Then LxY = − x′′Y =
R and there exists t1 ∈ 0 1 such that −x′′t1 = R or x′′t1 = −R. So we
have for t ∈ 0 1 that xt ∈ 0 R x′t1 ∈ −RR, and x′′t1 = −R.
By (b) we have
L−1NxX = NxY ≥ Nxt1
= Nxt1 = f t1 xt1 x′t1 x′′t1
≥ R > R/µ0  since µ0 > 1
Hence
δ = inf	L−1Nx  x ∈ ∂BR0 ∩K > R/µ0
which satisﬁes (a) of Theorem 4.
Let r be as in (c) and x ∈ domL ∩ K such that xX = r. Then there
exists t0 ∈ 0 1 such that  − x′′t0 = LxX = r = −x′′t0 or x′′t0 =
−r, and we have xt ∈ 0 r x′t ∈ −r r for every t ∈ 0 1, and
x′′t0 = −r. From (c) we obtain
f t0 xt0 x′t0 x′′t0 < r
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Then if Lx = µNx for some µ < 1 and x ∈ K with xX = r we would
have
Lx = −x′′t = µf t xt x′t x′′t
for every t ∈ 0 1 including t0. This would give
−x′′t0 = r = µf t0 xt0 x′t0 x′′t0 < µr
a contradiction. This satisﬁes Condition (c) of Theorem 4, while Condition
(b) is immediate. Thus there exists x ∈ K with r ≤ xX ≤ R such that
Lx = Nx. Q.E.D.
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